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Abstract. Motivated by the sigma model limit of multicomponent Ginzburg-Landau theory, 
a version of the Faddeev-Skyrme model is considered in which the scalar field is coupled dy- 
namically to a one-form field called the supercurrent. This coupled model is investigated in the 
general setting where physical space is an oriented Riemannian manifold and the target space 
is a Kahler manifold. It is shown that supercurrent coupling destroys the topological stabil- 
ity enjoyed by the usual Faddeev-Skyrme model, so that there can be no globally stable knot 
q ' solitons in this model. Nonetheless, local energy minimizers may still exist. The first variation 

' formula is derived and used to construct three families of static solutions of the model, all on 

compact domains. In particular, a coupled version of the unit-charge hopfion on a three-sphere 
of arbitrary radius is found. The second variation formula is derived, and used to analyze the 
00 ' stability of some of these solutions. A family of stable solutions is identified, though these may 

exist only in spaces of even dimension. Finally, it is shown that, in contrast to the uncoupled 
model, the coupled unit hopfion on the three-sphere of radius R is unstable for all R. This gives 
an explicit, exact example of supercurrent coupling destabilizing a stable solution of the uncou- 
pled Faddeev-Skyrme model, and casts doubt on the conjecture of Babaev, Faddeev and Niemi 
CLY that knot solitons should exist in the low-energy regime of two-component superconductors. 

> ■ 1. Introduction 

m , 

The Faddeev-Skyrme model is a nonlinear scalar field theory which possesses 
so-called knot solitons, classified topologically by their Hopf degree. Motivated by 
the sigma model limit of two-component Ginzburg-Landau theory, Babaev, Fad- 
deev and Niemi conjectured that such knot solitons may exist in the low energy 



(N 



regime of certain exotic superconductors [2]. However, the sigma model limit con- 
tains another dynamical field besides the usual (two-sphere valued) scalar field of 
the Faddeev-Skyrme model, a one-form field which may be interpreted physically 
as the supercurrent. In this paper we study this extended version of the Faddeev- 
Skyrme model in which dynamical coupling to the supercurrent is taken into ac- 
count, concentrating primarily on the (analytically more accessible) case of compact 
physical domain. We will see that supercurrent coupling destroys the topological 
stability enjoyed by knot solitons, in that configurations of arbitrarily small energy 
can be found in every homotopy class. This should be contrasted with the usual 
Faddeev-Skyrme model where one has the Vakulenko-Kapitanski bound on IR 3 [16] , 
or a linear energy bound on compact domains [13]. We will develop the variational 
calculus for the coupled model in a rather general geometric setting, and use our 
results to show explicitly and exactly that supercurrent coupling destabilizes the 
unit charge "hopfion" on the three-sphere of small radius. 

Consider static two-component Ginzburg-Landau theory on physical space M = 
M 3 . This field theory models, among other things, certain exotic superconducting 
materials, including liquid metallic hydrogen, in which there are two different species 
of charge-carrying Cooper pairs [1] . It consists of two complex scalar fields ip a : M — > 
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C, a = 1, 2, minimally coupled to a U(l) gauge connexion A £ fi 1 (M), so that the 
total energy functional is 

(1-1) E GL = l\\d A ^ 1 \\ 2 + l-\\d A ^ 2 \\ 2 + l\\dA\\ 2 + [ V{^ 2 ) 

ill j M 

where d^Va = dip — iAip, \\ ■ || denotes L 2 norm and V is a phenomeno logically 
determined interaction potential whose details depend strongly on the precise phys- 
ical context. To preserve gauge invariance, one must have V(Xipi, \ip2) = V(4>i, ^2) 
for all A £ U(l). Babaev, Faddeev and Niemi [5] made the following interest- 
ing observation (the essential argument appeared somewhat earlier in a paper of 
Hindmarsh [5], and perhaps goes back further still). Define the total condensate 

density p = v^iP + WF and let <P = bk, fo] ■ M ~* cpl = 52 • Note that both 
these fields are gauge invariant and that the second field makes sense globally only 
if "01, "02 never vanish simultaneously, presumably a sensible assumption provided 
V(0, 0) is made sufficiently large. Further, let p 2 C be the total supercurrent of the 
condensates, that is, 

2 

(1-2) C = ^ J^d^a ~ ^dAWa), 

a=l 

which is also gauge invariant. Then the Ginzburg-Landau energy is precisely 

(1-3) E GL = l||pdv,|| 2 + |i|dC + + \\\dp\\ 2 + ^||pC|| 2 + J V( P , V ) 

where uj is the Kahler form on CP 1 (equivalently, the area form on S 2 ). The first 
two terms of this energy are strongly reminiscent of the Faddeev- Skyrme energy of 
a S^-valued field on M. In fact, if p is constant and C = 0, E GL reduces precisely 
to Eps, the Faddeev-Skyrme energy of if. This led Babaev, Faddeev and Niemi to 
suggest that the GL model, like its truncated version, possesses knot solitons, in 
which the field (p : M 3 — > S 2 has nonzero Hopf degree. 

The numerical evidence concerning this claim is a little mixed, but seems, on 
the whole, to be negative [SI [T51 E]- (For a comprehensive review of the current 
status of knot solitons in field theory, see [ID]-) In particular, a crucial role in 
destabilizing localized (p configurations of nonzero Hopf degree seems to be played 
by the coupling of ip and C. That is, we can imagine reducing E G l to Eps by a two- 
step truncation. In the first step, we impose a sigma model limit on the C 2 valued 
field (tpijipz), demanding that p 2 = \ipi\ 2 + \ip2\ 2 = p\ = 1 everywhere, motivated 
by the choice V = A(l — l^il 2 — l^l 2 ) 2 m the limit of large A, for example. (There 
is no loss of generality in the choice po = 1 since any other p can be scaled away 
by a homothety of M.) This yields a "halfway house" model, which one might call 
the supercurrent coupled Faddeev-Skyrme model (henceforth, the SCFS model), 

(1-4) EfaC) = \W\\ 2 + i||dC + ^|| 2 + ^||C|| 2 

where, for simplicity, we have assumed the potential V^i,^) has U(2) symmetry 
(so is constant on surfaces of constant p). Experience with similar ungauged GL 
models [3] suggests that this truncation is unlikely to cause trouble (that is, if E 
has minimizers with nonzero Hopf degree, they probably survive the thawing of 
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the field p). The second step, where we set C to zero, is more problematic. This 
amounts to ignoring the cross term |(dC, p*u>) in the second term of E((p, C), and 
there does not seem to be a strong justification for this. 

This motivates us to study the SCFS model (11.41) in detail, and compare its 
properties with those of the usual Faddeev-Skyrme model (henceforth, FS model). 
Since generalization costs no extra effort, and working in a natural geometric context 
often reveals structure otherwise hidden, we will study both the SCFS and FS 
models in the general case where p> : M — *> N, M being an oriented Riemannian 
manifold and N a Kahler manifold. We will still call C the supercurrent, and 
interpret dC + \p*u as the electromagnetic field two-form (that is, magnetic field, 
if dim M — 3). Indeed, in the case N = CP fe_1 , with the Fubini-Study metric of unit 
holomorphic sectional curvature, this model is precisely the naive sigma model limit 
of fc-component Ginzburg-Landau theory [5], which gives it an immediate physical 
interpretation. 

In section [2] we compare the best known topological lower energy bounds for 
the FS and SCFS models in the case where M has dimension 3 and N = S 2 . 
Whereas the FS energy is bounded below by some power of the Hopf degree (Q* for 
M = M 3 , Q for M 3 compact), we will find that the SCFS energy can be arbitrarily 
small in every (algebraically inessential) homotopy class. This is strikingly different 
behaviour, and it follows that no nontrivial global minimizer of the SCFS energy 
can exist in this case. One can still hope for local minimizers, however, and to find 
these one must solve the variational problem for the SCFS energy. In section [3j we 
compute the first variation formula for E(ip,C), that is, the field equations that a 
pair (if, C) must satisfy in order to be a critical point of E. For a given p : M — *> N, 
we will show there is at most one C G Q l (M) so that (<p,C) is a critical point of 
E. We shall call a critical point (ip, C) embedded if ip is a critical point of Ep$, 
and refer to (ip, C) as an embedding of p. Clearly an embedding of ip, if it exists, is 
unique. We shall construct three families of embedded critical points, all of which 
are submersive (that is, dp x is surjective at each x G M). To analyze the stability 
of a critical point, one must consider the second variation formula for E, to which 
we turn in section HI We compute an explicit formula for the Hessian operator 
associated with a critical point, and use this formula to show that the critical point 
p = Id : iV — > N, C = is stable for every Kahler manifold N. 

Ideally, one would like to apply the first and second variation formulae in the 
case of direct physical interest, namely M = IR 3 , N = S 2 , but this case of the SCFS 
model is (like the FS model) analytically intractable. It would be interesting, but 
very challenging, and beyond the scope of the present work, to conduct a large-scale 
numerical analysis of this problem. In lieu of hard numerics, we will consider the 
case nearest to M = R 3 where exact results can be obtained, namely M = Sp>, 
the sphere of radius R > 0. Here, as for M = M 3 , configurations are labelled 
homotopically by their Hopf degree Q, but (unlike on M 3 ) an explicit solution of the 
FS model in the Q — 1 class is known, namely the Hopf fibration ip : S 3 — > 5* 2 |17j. 
This solution is known to be stable for < R < 2 [T2], so it can be thought of as 
the spherical analogue of the unit "hopfion" at least on small spheres. In section HJ 
we will show that this hopfion has a (necessarily unique) embedding in the SCFS 
model. The associated supercurrent is homogeneous and tangent to the fibres of the 
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Hopf map. We go on to construct the Hessian operator for this embedded hopfion 
explicitly, and show that it has a negative eigenvalue of total multiplicity 4, for all 
R > 0. This, then, provides an explicit, exact example (albeit on a compact domain) 
of the process whereby supercurrent coupling destabilizes a previously stable critical 
point of the Faddeev-Skyrme energy. Clearly this does not conclusively rule out the 
existence of stable knot solitons in the SCFS model, but it is one more piece of 
evidence in favour of scepticism. 

2. Energy bounds 

We first setup some notation and conventions, following [12]. Let (M,g) be 
a Riemannian manifold and (N, h, J) be a Kahler manifold, with Kahler form 
u(X,Y) = h(JX,Y). Let (•,-) denote L 2 inner product, || ■ || L 2 norm, Q k (M) 
the space of smooth /c-forms on M, T(E) the space of smooth sections of vector 
bundle E, 5 : Q k -> Q^ 1 the coderivative L 2 adjoint to d, and b : TM -> T*M and 
= b _1 the musical isomorphisms induced by the metric g on M. Given <p : M — ► N, 
tp~ l TN will denote the vector bundle over M whose fibre above i 6 Mis T^/^N. 
The symbol V will denote the Levi-Civita connexion on TM, TN or its canonical 
extension to T*M ® ip~ 1 TN (which being clear from context). The pullback of 
the Levi-Civita connexion on TN to ip~ l TN will be denoted W v . All maps will be 
assumed smooth. We shall frequently need to refer to specfic terms in the energy 
functional (11. 4p . and so define, for any if : M — > iV and C G Q(M), 



E(<p,C) = 


^l|d^l| 2 + ^l|dC + ^l| 2 + ^l|C|r 


EM = 




E 2 ( V ) = 


2 iif II 


E 3 (C) = 


I||dC r || 2 + -||C|| 2 
2 ii ii 2 ii ii 


Et(<p,C) = 




Efs(v) = 


E 1 {ip) + E 2 {f), 



so that E = \{E X + E 2 ) + E 3 + E 4 . 

For the rest of this section, N = S 2 and M has dimension 3. We begin by 
contrasting the energy bounds for E and Eps in the case M = M. 3 . We impose 
the usual boundary condition on cp (<p(x) — > (0,0,1) as \x\ — > oo) so that field 
configurations are homotopic if and only if they have the same Hopf degree Q e Z. 
Recall that 

(2 - 15 Q =w?L AAiA 

where A G Q 1 (M) is chosen so that dA = (p*u> (note that A certainly exists since 
tp*u is closed and H 2 (M) = 0). Then, for Ep$ we have the well-known Vakulenko- 
Kapitanski bound: 
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Theorem 2.1 (Vakulenko-Kapitanski [IS]). There exists a constant c > such that 
Efs(<p) > c\Q{ < P)\'* for all (p. 

The power | is believed to be sharp, and is certainly consistent with numerics. 
The optimal constant c is not known. In contrast to this energy growth with \Q\, we 
will now see that the infimum of E(<p, C) is zero in every homotopy class. This fact 
is already known in the physics literature, at least informally, in the multicomponent 
Ginzburg-Landau setting [St 110]. The point is that, for a given <p, we can choose dC 
to exactly cancel \(p*u in E, so that (<p, C) has no stability against Derrick scaling. 

Proposition 2.2. inf {E(ip, C) : Q(tp) = n} = for all n G Z. 

Proof. Each degree class contains ip with ip = (0, 0, 1) outside some closed ball B. 
For this tp, there exists C G Q\R 3 ) such that dC = -~<p>*0J (since H 2 (R 3 ) = 0). 
Since dip x = for all x ^ B, (p*u vanishes on M 3 \S. Without loss of generality, we 
may assume that C itself vanishes on R 3 \B. (Assume C does not vanish on IR 3 \S. 
C is closed on R 3 \5 and hence there exists / : IR 3 \I? — - > R such that C = df, since 
H 1 (M. 3 \B) = 0. We may smoothly extend / to a function on the whole of M. 3 . Let 
C> = C - df. Then dC = dC = -\^*uo and C vanishes on R 3 \B.) For each A > 
let D x : R 3 -> M 3 be the dilation map D\(x) = Xx. Clearly ip o is homotopic to 
<p> and, by the usual Derrick argument [1], 

^A,C A ) = ^||d^|| 2 + + ^||C|| 2 ^0 
as A — ► oo. □ 

We turn now to the case where M is a compact oriented 3-manifold. The homo- 
topy classification of maps M —>■ S 2 was completed by Pontrjagin. 

Theorem 2.3 (Pontrjagin |9J). Let M be a compact, connected, oriented 3-manifold, 
and n be a generator of H 2 (S 2 ;Z) = Z (for example, fi = uj/4tt in the de Rham 
model). The homotopy classes of based maps <p : M — > S* 2 fall into disjoint families 
labelled by [<p*fj] G H 2 (M;Z). Within the family of classes with fixed [<p*fj], the 
classes are labelled by elements of H 3 (M; Z)/ (2 [<p>*/j] ^ H l (M]Z)). 

If if 2 (M;Z) 7^ 0,therefore, maps M — > S 2 are not classified homotopically by 
a single integer. We will be interested primarily in the case M = S 3 , where this 
complication does not arise. However, even on general M, there is a family of maps 
which are classified homotopically by a single integer, the algebraically inessential 
maps, that is, those for which [ip*fi] = 0. These maps fall into homotopy classes 
labelled by if 3 (M;Z) = Z, and one may identify this integer homotopy invariant 
with the Hopf degree of ip, defined as in f l2.ll) . From the standpoint of topological 
solitons, algebraically inessential maps are the most interesting, since all other maps 
have the property that regular preimages <p>~ 1 {p) C M are nontrivial in H\(M) (one 
may think of such preimages as being Poincare dual to [<p*fj] G H 2 (M; Z)), so they 
are not, in a topological sense, spatially localized (they are "tied" to some nontrivial 
1-cycle in M). 

So, on a compact domain, provided we restrict to the case of algebraically inessen- 
tial maps (no restriction if if 2 (M;Z) = 0), configurations <p : M —>■ S 2 are still 
classified by their Hopf degree Q(<p). An interesting fact, which does not seem to 
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have been appreciated previously, is that the Faddeev-Skyrme energy E FS grows 
at least linearly with \Q\ in this case, in contrast to the \Q\* growth found on R 3 . 
The essential proof has appeared previously for the case M = S 3 [13], but adapts 
readily to the case of general M. 

Theorem 2.4 ( Speight- Svensson). Let M be a compact, connected, oriented Rie- 
mannian 3-manifold and tp : M — > S 2 be a smooth, algebraically inessential map. 
Then 

% 
32tt 2 

where Ai > is the first nonzero eigenvalue of the Laplacian restricted to coexact 
one- forms on M . 



E FS {ip)>E 2 {ip)>^\Q{<p)\ 



Proof. Since <p is algebraically inessential, (p*u> is exact, and there exists A G f2 x (M) 
such that dA = {p*u. By Hodge decomposition, we may assume, without loss 
of generality that A is coexact. (Consider the Hodge decomposition of A, A = 
Ah + dAo + 5A2, where Ah is a harmonic one- form, Aq is a zero- form and A2 a 
two-form. Then (p*us = dA = + + dSA 2 .) We may also assume that Q((p) > 0. 
(The bound is trivial if Q — 0, and if Q(<p) < then Q{ip op) — —Q({p) where 
p : M — > M is an orientation reversing diffeomorphism.) Then 

Mr) = \yM\ 4 = l(dA,dA) = ^(A,AA)>l\ 1 \\Ar. 

But 

(47r) 2 Q(y?) = (A, *dA) < \\A\\\\dA\\ = \\A\\ y/2E^p). 
The result follows immediately. □ 

Note that this bound follows from a straightforward estimate of just the Skyrme 
term E 2 in Epsi using only the Cauchy-Schwartz inequality and ellipticity of A. By 
contrast, the Vakulenko-Kapitanski bound involves a subtle trade-off between E\ 
and E 2 , and uses rather more advanced estimates from functional analysis. Note 
also that under a homothety g 1— > R 2 g, the spectrum of A scales as A ^ A/i? 2 , so 
our bound becomes trivial in the limit where M attains infinite volume (for example 
M = Sft, the three-sphere of radius R, in the limit R —>■ 00). It is an interesting 
and (apparently) open question whether the power IQ] 1 in this bound is optimal. 

Once again, the issue of primary interest in this paper is the effect that supercur- 
rent coupling has on this energy bound. In fact, as for the model on R 3 , the bound 
disappears entirely in the SCFS model. 

Proposition 2.5. Let M be a compact, connected, oriented 3-manifold. Then for 
each n e Z, inf E(<p, C) = 0, where the infimum is taken over all smooth, alge- 
braically inessential maps if : M — > S 2 with Q(<p) = n, and all C G VL l (M). 

Proof. Each algebraically inessential homotopy class contains maps which are con- 
stant outside some (arbitrarily small) closed ball. The argument of the proof of 
Proposition 12.21 can be applied to such maps. □ 

So there can be no global minimizer of E(ip, C) in any nontrivial algebraically 
inessential homotopy class. It does not follow that the SCFS model can have no 



= (X, -j(r(cp) + Jd<p$5(<p*u + 2dC))) + (Y, 5(dC + \ip*uj) + C) 



stable static solutions, however, since local minima may exist. To seek them, we 
require the first variation formula for E. 

3. The first variation 

In this section and the next, we revert to the general setting in which M is an 
oriented Riemannian manifold and N is a Kahler manifold. 

Proposition 3.1. Let (p t be a variation of (fo = <p : M — > N and C t a variation of 
C = C e Q}(M). Let X = d t <p\ t=0 e Tfa^TN) and Y = d t C t \t=o e Q\M), both 
assumed to be of compact support (if M is noncompact). Then the corresponding 
first variation of E is 

dE(<p t ,C t ) 
dt 

where r((p) is the tension field of the mapping (p, that is, r((p) = trVdy?. 

Proof. Using the notation introduced in Section [2] above, one has E(ipt, C t ) = 
{{Exit) + E 2 {t)) + E 3 (t) + E 4 (t). It is well known [H p. 131] that 

(3.1) E 1 (0) = -{X,r(<p)), 
and it was shown in [12] that 

(3.2) E 2 (0) = -(X,Jd<45(<p*u)). 
Turning to E 3 , one sees that 

(3.3) E 3 (0) = (dY, dC) + (Y, C) = (Y, 5dC + C). 
Finally, by the homotopy lemma (see, for example, [J2J), 

(3.4) £ 4 (0) = l -(dY )V *u) + ±(dC,d(<p*L X u)) = ^(Y,6{<p*u)) + ±(6dC,<p*L X u). 
Now, for any rj e fl 1 (M), 

(3.5) g(r}, (p*i x uj) = (<p*L X u){tv) = uj(X, dy^r?) = -h(X, Jd^rj). 
Hence 

(3.6) (rj,<p*i x u) = g(r),ip*i x uj) = -(X, Jd<p$rj). 

J M 

Applying this in the case rj = SdC, we have, from (13.41) 

(3.7) E A (0) = l -{Y,5{y*u)) - l -{X,Jd^5dC). 

The result immediately follows. □ 

The first variation formula, or field equations, follow immediately from this: 
Corollary 3.2. (<£>, C) is a critical point of E if and only if 

(3.8) 5(dC + -(p*u) + C = 

(3.9) r{cp) - 2Jd(p$C = 
where, once again, r{ip) = trVdyj. 



Proof. For all variations X,Y in Proposition 13.11 we must have E(0) = 0. Hence, 
by the fundamental lemma of the calculus of variations, 

(3.10) 5(dC + -tp*u) + C = 0, 

(3.11) -j{r(<p) + Jdtp$8(tp*u + 2dC)) = 0. 

Substituting equation (13.101) into (13.111) we obtain the pair claimed. □ 

Corollary 3.3. Let tp : M — > N. If there exists C G Q l (M) such that (<p,C) is a 
critical point of E, then C is unique. 

Proof. Assume that C G Q 1 (M) also renders (tp,C) a critical point. Then by 
equation <g£B§ , C" = C - C satisfies 8dC" + C" = 0, whence = (C", 5dC" + C") = 
\\dC"\\ 2 + ||C"|| 2 . Hence C" = 0. □ 

Definition 3.4. A critical point (tp, C) of E will be called an embedding of tp if tp is 
a critical point of Eps- By Corollary 13.31 if an embedding of tp exists, it is unique. 

It was shown in [12] that tp is a critical point of E 2 if and only if §8(p*u G ker dip 
everywhere. If tp is also harmonic, so r(ip) = (hence a critical point of Eps), it 
is natural to seek an embedding of tp with C = fxS<p*u, where \x is a constant. The 
point is that equation (I3.9P is satisfied automatically in this case, and we are left 
to check the somewhat simpler equation (I3.8p . We will apply this idea in the next 
three examples. 

Example 3.5. Under what circumstances is (tp, 0) a critical point of E7 From 
Corollary 13.21 if and only if ip is harmonic (r(<p) = 0) and coclosed (6~ip*u = 0). 
Such a map is separately a critical point of E\ and E2, and hence is a (very special) 
critical point of Ep$- A trivial example is the identity map Id : iV — > N. This can 
be easily extended to projection on a Riemannian product tp = tc : N x K — + N. 
So Id : S 2 -> S 2 , 7T : S 2 x S 1 -> S 2 and tt : S 2 x R -> S 2 embed trivially (i.e. 
with C = 0) in the coupled model. A less trivial family can be adapted from [13] . 
Let M be the space of full flags in C k and iV be the Grassmannian of /-planes in 
C fc . Then one has a natural projection tci : M —>■ N which maps each flag to its 
/-dimensional entry. This map is holomorphic and hence harmonic (with respect to 
the usual SU(fc) homogeneous metrics on M and N), and is coclosed, and hence 
embeds trivially in the coupled model. In particular, this gives a family of examples 
7Ti : M -> CP k -\ 

Example 3.6. Given the physical origin of E(tp, C) in multicomponent Ginzburg- 
Landau theory, it is natural to consider the general Hopf fibration from M = 
S 2n+1 C C" +1 to N = CP n , given by vr : (z u z 2 , . . . , z n+1 ) h-> [z u z 2 , . . . , z n+1 }. 
This map is harmonic, and is known [12J to be a critical point of E 2 , and hence is 
a critical point of Eps- We will now show that it can be embedded in the coupled 
model, but in contrast to Example 13.51 the embedding has C 7^ 0. 

Note that it is a submersion with one dimensional fibres. At each z G M C C n+1 
we have an orthogonal decomposition T Z M = "V z © ffl z where % = kerd7r 2 is the 
vertical space, tangent to the fibres, and 3^ z = ^. _L is the horizontal space, its 
orthogonal complement. It is convenient to give N the Fubini-Study metric of 
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constant holomorphic sectional curvature 4 (in the case n — 1, this corresponds to 
giving the target two-sphere radius |) since 7r is then a Riemannian submersion, 
that is dir z : J%? z — > T^( Z \N is an isometry for all z. Clearly, % is spanned by 
the unit vector field V(z) = iz (which generates the U(l) action z i— > e %t z on 
M C C n+1 ). Since 7r is a critical point of E 2 , we know that d7r$5(iT*uj) = 0, and 
hence 5(tt*uj) = f\>V for some / : M — > R. By homogeneity of the map, / must be 
constant, and a short calculation based (for example) at z = (1, 0, . . . , 0) shows that 
f = n. Another short calculation shows that tt*uj = d\?V. Substituting into ( 13. 81) 
and (13.91) one sees that (n, X\?V) is a critical point of E if (and only if) A = -^pi- 

Note that Example 13.61 includes the standard Hopf fibration S 3 — ► S 2 , which may 
be thought of as the unit charge Hopf "soliton" on S 3 (the special case n — 1). 
We may generalize the basic Hopf fibration in a different direction by thinking of it 
as the coset projection SU(2) — > SU(2)/S(U(1) x U(l)) onto a Kahler symmetric 
space: 

Example 3.7. Let G be a compact, connected, simple Lie group and K be a 
compact subgroup of G such that G/K is an irreducible Hermitian symmetric space 
of compact type. Denote by q, 6 the Lie algebras of G, K. Then there is an Ad^- 
invariant subspace p of g such that [p,p] C t and 

this decomposition being orthogonal with respect to the Killing form. We give G 
the bi-invariant metric coinciding with (minus) the Killing form at e, and G/K the 
metric which makes the homogeneous projection 

(p:G^G/K, g-o 

a Riemannian submersion (here o denotes the identity coset in G/K). Denote by 
(-,-) minus the Killing form on g. The almost complex structure on G/K (with 
respect to which the homogeneous metric is Kahler) coincides with the adjoint 
action of an element in the centre of 6. In a slight abuse of notation, we shall 
denote this element J. By left translation, we may identify vector fields on G with 
g- valued functions on G and sections of ip~ l T(G/K) with p-valued functions on G. 
The connexions on TG and (p~ 1 T(G/ K) are then 

(3.12) V X Y = dY(X) + ~[X,Y] (X,YeC°°(G,g)), 

(3.13) V£F = dY(X) + [X,Y] p (XeC°°(G,g), Y eC°°(G,p)), 
respectively. 

The map tp is well known to be harmonic, and was shown to be a critical point 
of E 2 in [12]. In fact 

(3.14) [j%*u;) = ~J 

where A is the eigenvalue of the Casimir operator associated with the adjoint rep- 
resentation of G, that is, 

(3.15) g^g, x !-»• -J^ht, [e k ,x\] 

k=l 
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where {ei, . . . , e m } is an orthonormal basis for g [12]. Hence, for any vector fields 
X,Y onG, 

d(6<p*u)(X,Y) = -±{X(J,Y)-Y(J,X)-(J,[X,Y])} 
= -^{(V X J,Y)-(V Y J,X)} 

= ~{(<U(X),Y) - (dJ(Y),X) + \{[X,JIY) - \{% J],X)} 
= -~{0-a-±{adjX,Y) + ±(adjY,X)} 
= ±tp*u(X,Y), 

where we have used the fact that J is a constant mapping M — ► (so dJ = 0). 
Hence 

(3.16) d5(f*cu = ^ ( P* UJ - 

We now seek an embedding of <p with C = fi5(p*u. As remarked previously, (13. 9ft 
is satisfied automatically, and, in light of (13.161) . we see that (13. 8p is satisfied if 
and only if fi = —(A + 2) _1 (which always exists since the Casimir is a positive 
operator). In particular, let G = SXJ(n + 1) and K = S(U(1) x XJ(n)). Then this 
gives an embedding of the projection ip : SU(n + 1) — > G/K = CP™. Note that 
the vertical space of the fibration ip has dimension n 2 in this case, rather than 1, 
as in Example 13.61 From the point of view of satisfying equation (13.91) . it looks like 
choosing C parallel to 5ip*u is needlessly restrictive (JjC need only be restricted to 
the n 2 -dimensional vertical space). However, by Corollary 13.31 we know that no 
alternative embedding of ip exists, despite the apparent extra freedom. 

4. Second variation: the Hessian 

Let (ip, C) be a critical point of E and (<£>«,t, C s> t) be a two-parameter variation 
of (ip,C) = (ipo,o, Co,o)- The Hessian of E at (ip,C) is 

H { ,, c) ((X,Y),(X,Y))= d2E{ ^ C ^ 



dsdt 



=t=Q 



where 



X = d s <p Sjt \ s=t=0 , X = d t (p Stt \ s=t=0 E T(ip l TN), 
Y = d s C s j\ s=t=0 , Y = d t C s>t \ s=t=0 e Q\M). 

Let E denote the vector bundle (p~ x T N ®T* M over M. Then Ht^c) is a symmetric 
bilinear form on T(E). The critical point ((p, C) is stable if the associated quadratic 
form is non-negative, that is, 

H {<P!C) ((X,Y),(X,Y)) >0 for all (X,Y) e T(E). 

Otherwise, (ip, C) is unstable. The index of an unstable critical point is the dimen- 
sion of the largest subspace of T(E) on which the quadratic form is negative. We 
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will see that there is a self-adjoint linear differential operator ^L,c) : T(E) — > T(E), 
which we will call the Hessian operator, such that 

H ((p!C) ((X,Y),(X,Y)) = ((X,Y),^ C) (X,Y)). 

To show that a critical point in unstable, it suffices to exhibit a negative eigenvalue 
of its Hessian operator. 

The aim of this section is to compute Jtiffac)- We start by recalling the expres- 
sions for the analogous operators for critical points of the functionals Ei and E 2 , 
denoted J? and ££ respectively. The first of these is conventionally called the Ja- 
cobi operator. Since E 2 can be naturally viewed as a symplectic analogue of Ei, we 
shall call Jzf the symplectic Jacobi operator. 

Proposition 4.1 (Smith, [II]). Let cp : M — > N be a critical point of Ei = ^\\d(p\\ 2 . 
Then the Hessian of E\ at ip is (X, ^^Y) where the Jacobi operator is 

f^Y = A^Y - &Jf. 

The terms of J?^ are defined as follows. Let {ei,...,e m } be a local orthonormal 
frame on M and R be the curvature of V on N. Then the rough Laplacian is 

m 

A v r = ^(v efe v efc r-v Vefc e fc r) 
*;=i 

and 

m 



k=i 



Proposition 4.2 (Speight-Svensson, [T2j ) . Let ip : M — > N be a critical point of 
E% = |||¥'* a; || 2 - Then the Hessian of E<i at <p is (X,J*fpY) where the symplectic 
Jacobi operator is 



Sf v Y = -j(\7 v z Y + d<p($6d(p*L Y u)\ and 



jj Sip*uj. 



Proposition 4.3. Let (<p,C) be a critical point of E. Then the Hessian operator 
for E at (<p, C) is 

\ X] _\ \{f v X + J^X) - i JVfaX - \ Jd^SdY ~ 

(p,c) [ Y \ ~ L 5d ( Y + y^xuj) + y 

Recall that X is a section of ip~ 1 TN and Y is a one-form on M. 

Proof. Let ((p s ,t, C«,t) be a smooth variation of critical point (<p,C) = (<£>o,o> Co,o)> 
and (X,Y), (X ,Y) G T(E) be its infinitesimal generators. Then, since (<p,C) is 
critical, 

d 2 E{p s ^C s J 

s=t=0 



ds dt 



~(X,d t r(<p 0>t )\ t=0 ) - ^(X,d t (Jdp Mv*u))\ t= o) 



+ (Y, d t (8dC ,t + C ,t)\t=o)) + \(Y, d t 5{yl >t u)\ t=0 ) 

~(x,d t (jdw,tmc ,t)\t=o) 



= I<X, {J v + J*gx) + (Y, 5dY + Y) + I<Jf, M(^^)> 

-i(X, Jd t (d^ # dC W)| t =o) 

by Propositions 14.11 and I4.2[ and the Homotopy Lemma. Let (ip t ,C t ) = (fo,t, Co,*)? 
and F : (— e, e) x M — ► N be the total map F(t,x) = (pt(x). Then 

c> t (drfdC,)|t=o = (^ /9t dF) t= J5dC + d^5d(d t C t )\ t=0 
= (V( SdC dF) t=Q d/dt + d<p$6dY 
= % dC X - d V (v^ )xM |) t o + M5dY 

= V^ c X + dy#dY 

since the Levi-Civita connexion on N is torsionless, and (— e, e)xM has the product 
metric. The result immediately follows. □ 

Remark 4.4. A nontrivial check on this formula is that Jrff should be self-adjoint 
with respect to the L? inner product on T(E). This is clear, provided that the 
operators 

srf : tt l (M) -> r(y? _1 TX) st : Y i-> -JdtpftSdY 
S3 : T^TN) -> Q\M) SS:X^ bd{ip*i x u) 
are an adjoint pair, that is, & = Let us check this: 

(Y, MX) = (5dY, <p*l x uj) = [ <p*L X uj{%5dY) = [ u(X, dip$5dY) 

Jm J m 

= (JX, d^5dY) = (X, sfY) 

as required. 

The formula for the total Hessian operator is, admittedly, rather complicated. 
However, it is not so complicated as to be unusable, as we shall now see. 

Corollary 4.5. (Id, 0) is a stable critical point of E, where Id : N — > N is the 

identity map on any Kahler manifold. 

Proof. Certainly (Id, 0) is a critical point (Example 13.51) . It is known [14, p. 172] 
that 

(x, SyX) > o 

for any holomorphic map (p between Kahler manifolds, and hence, in particular, for 
ip = Id. In the case of if = Id, ip*u = u, which is coclosed, and one has a canonical 
identification of ip _1 TN with TM = TN, so that ip*(i x uj) = bJX, and one finds 
that (X,£i d X) = ||dbJX|| 2 [12]. Hence 

((X,Y),J?(X,Y)) = ^(X,^ H X) + ^||dbJX|| 2 + ||dr|| 2 +||r|| 2 + (dy,dbJX> 

> ||dbJ-|| 2 + 2(dF,dbJ— > + ||dF|| 2 >0 
2 2 

□ 
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As a less trivial application of the second variation formula, we can use it to show 
that the embedded Hopf fibration S 3 — ► S 2 is unstable. This is the subject of the 
next section. 



5. Stability of the embedded Hopf map S 3 — > S 2 

In this section we will analyze in detail the Hessian operator for the embedded 
Hopf fibration S% — > S 2 , where is the 3-sphere of radius R and S 2 is the unit 2- 
sphere. It is convenient to identify the domain with G = SU(2), and the codomain 
with G/K, where K = {diag(A, A) : A G U(l)}, so that ip : G — > G/K is the coset 
projection, and use the machinery outlined in Example 13.71 Let i?i,i?2j$3 De the 
usual basis of left-invariant vector fields on G (coinciding at e with |r a , a = 1, 2, 3, 
where r a are the Pauli spin matrices). Note that t = {^Ir and p = {$i,$2}k> 
where {-jig denotes linear span. The almost complex structure on G/K coincides 
with the adjoint action of J = $3 on p, and the pullback of the Kahler form u to G 
is <p*u) = —oi A cr 2 , where {a a } is the coframe dual to {i? a }- 

Unlike Example 13.71 we will not give G the metric coinciding at e with minus 
the Killing form, nor G/K the metric which renders (p a Riemannian submersion. 
Rather, G and G/K are given the round metrics of radius R and 1, respectively. 
Making use of the canonical identifications TG eGxj and (p~ l (TG/ K) = G x p, 
this amounts to declaring i? a G TG, a = 1,2, 3, to be orthogonal vector fields 
of length Q and $i,$ 2 to be orthonormal sections of T(G/K). It follows that 
5ip*uj = — -52(73, and that the pair (ip, C) satisfies (I3.8IUI3.9I) if and only if 

The pair (ip, C) is the analogue for the supercurrent coupled Faddeev-Skyrme model 
on S\ of the unit charge Hopf soliton on M. 3 . We note in passing that the magnetic 
field of this coupled "hopfion" is tangent to the fibres of <p, 

(5.2) B = 8 » (dC + ^) = __l_ y ,3. 

Making use of the identifcations (p^ 1 T(G/K) = G x p and T*G = G x g*, we can 
identify any smooth section of E with a quintuple of smooth functions fi : G — > R, 
i = 1,2, ...,5, by 

(5.3) (X, F) = (hA + f 2 2 , f 3 ai + Ua 2 + f 5 a 3 ). 

If we similarly identify the section J4?(X, Y) with a mapping G — > M 5 , the Hessian 
operator for at (ip, C) is represented by a 5 x 5 matrix of differential operators 
acting on real-valued functions on G. Similarly, the Jacobi and symplectic Jacobi 
operators J? : T^^TiV) — > T((p~ 1 TN) are represented by 2 x 2 matrices 
of differential operators. We shall denote the matrix representing M 3 by 
Similarly, the 2x2 matrix of differential operators representing J? will be denoted 
(^), and so on. From Proposition 14.31 we see that (J^) has the block structure 
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where £8 were defined in Remark 14.41 and 

(5.5) V : T^TN) -> T^TN) V : X ^ -~J% dC X. 

We seek an explicit formula for (Jt?). The {^) and (j£f) parts of this formula 
are already known [151 H2], in principle. These papers each equip S 3 with a fixed 
radius (R = 2\/2 for ^ in [15] and R = 2 for Jzf in [TJ]), however, so to make use 
of their results we must determine how ^ and Jzf scale under homotheties of M. 
For completeness, we shall simultaneously consider their scaling under homotheties 
of N also. 

Proposition 5.1. Let (p : (M m ,g) — > (N n , h) be harmonic with Jacobi operator J! . 
Ifg — R\g, h = R\h, where R\,R2 > are constants, then the Jacobi operator of 
if as a harmonic map (M, g) — > (N, h) is 

Similarly, let <p : (M m , g) — > (N n , h) be a critical point of E2 with symplectic Jacobi 
operator Jzf . Then the symplectic Jacobi operator of (p as a critical point (M, g) — > 
(N,h) is 

C/> L) 4 p2 c/) 

<-.^ — Jl 1 J) 2 <^ • 

Proof. Let <^ S) i : M — > iV be a smooth two-parameter variation of ip = ipo,o, with 
d s y S) t| s =t=o = X, d t ip s ,t\s=t=o = Y E r(<^ _1 TAr), and note that the Hodge isomor- 
phism Q P (M) —>■ Q m ~ p (M) scales as * = R™~ 2p * under the homothety g — > g. We 
have, in obvious notation, 

E^t) = R™- 2 RlEx{<p s ,t) 

}2~ 



d 2 E l {i Ps 



ds dt 



s=t=0 

■2. 



= R?~ 2 Rj [ h{X,SY)*l= I h{X,R?SY)*\. 

JM JM 

Similarly, since u = R%lu, 

ExM = [ rt it t3A*^ = i^^W 

JM 

R™- 4 R% [ h(X,^Y)*l= [ h{X,R^R\££Y)%\. 

JM JM 



d 2 E 2 (<p s 



ds dt 



s=t=0 



□ 



It follows from the results of [T5] and Proposition 15.11 that . for the Hopf fibration 



4 / -(^i + ^l + ^|) -20. 



?> 



(5 - 6) ( ^ )_ ]^V 2 ^3 -(^i + ^ + ^i) 

Similarly, from the calculation in [T2] and Proposition 15. 1\ one sees that 

16 _^3_^^ 2 N 



To complete the computation of the top-left 2x2 block of (J4?) , we need the matrix 
representing . Now 

32 

and, from equation (I3.13p . 

(5.9) V^(/i^i + / 2 2 ) = Mh)#i + Mf2)A - h#2 + fi&x. 

Hence, since J0i = [03, 0i] = —$2, 

16 ( 1 -0 3 



(5 - 10 > w-mrne)\*, 1 

A short calculation of 5d(fa a ) using dcri = a 2 A cr 3 , *o\ A o 2 = ^cr 3 , and cyclic 
permutations, shows that 

'l - 0| - 0* d 2 $ 1 - 20 3 3 ^! + 20 2 ' 
(5.11) (Sd) = [ 0!0 2 + 20 3 1-0? -01 0302 - 20! 



01^3 - 2tf 2 tf 2 3 + 2^1 1 - 0? - 01, 

It remains to compute the top-right block (&/) and the bottom-left block (3$) of 
(M 3 ). These form an L 2 adjoint pair, but care must be taken when using this fact, 
since our basis for E is not orthonormal. Recall that dip coincides with orthogonal 
projection g — > p, so, making use of the formula (15.111) for (Sd) above, one finds, 

1/0 l\ 4 A 0\ 

-1 oj^o 1 0)^ 



2 

(5.12) 



-0!0 2 - 20 3 0? + 0^ -0 3 ^2 + 20! 
^ - 0§ 2 ^ 

Finally, the map A : T((p~ l TN) — > Q l (M), A:Ih <f*Lx^ has matrix representa- 
tive 

'0 1 N 

(5.13) (A) =1-10 



which, together with (15 .lip , yields 



0. 



-0201 + 20 3 -03 - 01 
2 1 „Q2 



(5.14) (#) = \(Sd)(A) = 0? + 0| 0x02 + 20 3 

' -0203 + 201 0i0 3 -20 2 

Assembling (EE}, (EZD, flBTTOl) . flBTTTD . (jQ2jl . (15141) with (E3D we obtain the explicit 
formula for (J4?), which we will not reproduce here. 

We now have an expression for Jif as a matrix of differential operators acting 
on functions on G. To proceed further, we must choose a basis for L 2 (G,C), and 
for this purpose we appeal to the Peter- Weyl theorem [TJ p. 17]. According to this, 
the matrix elements of the finite-dimensional irreducible unitary representations of 
G form an orthonormal basis for L 2 (G,C). Now Jf? commutes with the obvious 
action of G on T(E). Hence, for a given fixed irreducible representation of G, 
the finite dimensional subspace of T(E) in which each of fx, f%, . . . , f§ : G — ► C 
lies in the span of the matrix elements of that representation is invariant under 
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3^ . So we can break down the (infinite dimensional) eigenvalue problem for M' 
into an infinite sequence of finite dimensional eigenvalue problems, indexed by the 
irreducible unitary representations of G. In this case, G = SU(2), whose irreducible 
unitary representations are indexed by a non-negative integer n, called the weight 
(loosely speaking, twice the "spin" associated with the representation). For fixed 
n, we can construct (n + 1) x (n + 1) antihermitian matrices representing i?x> $2, $3, 
and hence construct a (5n + 5) x (5n + 5) matrix 34?^ representing 34? acting 
on the weight n invariant subspace of T(E). The machinery for dealing with the 
general n case is developed in |12| . However, for our purposes, we will need only the 
fundamental representation n = 1. In this case, we simply replace d a by |r a in (34?) 
to obtain a 10 x 10 complex matrix 34?^\ each of whose entries is a rational function 
of R, the radius of M. The eigenvalue problem for 34?^ can be solved exactly, by 
Maple, for example. One finds that 34?^ l > has an eigenvalue of multiplicity two, 
namely 

p{R) - ^p{R) 2 + 3840R 4 + 1536E 6 + 208# 8 + 16i? 10 
( } ~ 8i? 4 (4 + R 2 ) ' 

where p(R) = 48 + 1UR 2 + 5LR 4 + 4R 6 . 

Clearly X(R) < for all R > 0. Since our basis vectors for L 2 (G,C) are matrix 
elements, they are indexed by an ordered pair of indices, taking values in {1, ... , n + 
1}. It follows that an eigenvalue of 34?^ of multiplicity m is an eigenvalue of J$? 
(restricted to the weight n invariant subspace of T(E)) of multiplicity (n + l)m. 
Hence, the index (dimension of the sum of the negative eigenspaces) of 34? is at 
least 2 x (1 + 1) = 4. The eigenvalue problem for 34?^ for 1 < n < 10 has been 
solved numerically for various R, no further negative eigenvalues being found. It 
seems likely, therefore, that the index of 34? is exactly 4. In any case, the n = 1 
calculation outlined above establishes rigorously that the embedded Hopf fibration 
is an unstable critical point of E, for all choices of the radius R of S R . 
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